We introduce a short-range correlation density functional defined with respect to a multi-determinantal reference which is meant to be used in a multi-determinantal extension of the Kohn-Sham scheme of density functional theory based on a long-range/short-range decomposition of the Coulomb electron-electron interaction. We construct the local density approximation for this functional and discuss its performance on the He atom.
Introduction
One of the main difficulties in the Kohn-Sham (KS) [1] scheme of density functional theory (DFT) [2] is to find approximations for the exchange-correlation energy functional that correctly describes (near-)degeneracy or long-range (e.g., van der Waals) correlation effects. To circumvent this difficulty, a multi-determinantal extension of the KS scheme based on a long-range/short-range decomposition of the Coulomb electron-electron interaction has been proposed [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The idea behind this separation is that correlation effects due to the short-range part, involving the correlation cusp, could well be described by the local density approximation (appropriately modified); correlation connected with the long-range part could well be dealt with using standard wave-function methods of quantum chemistry.
In this approach, the ground-state energy of a N-electron system in a nuclei-electron potential v ne (r) is obtained in principle exactly by minimization over multi-determinantal wave functions J. Toulouse · P. Gori-Giorgi · A. Savin 
whereT is the kinetic energy operator,V ne = i v ne (r i ) is the nuclei-electron interaction operator,Ŵ [n] reduce to the Hartree, exchange and correlation functionals of the KS theory.
Former experience with Eq. (1) has shown that in general the quality of the wave-function lr,µ obtained with a given approximate functional is much better than that of the functional itself. To extract the maximum information from lr,µ , we propose in this work to compute the ground-state energy as
whereŴ ee = i<j 1/r ij is the full Coulomb interaction operator andĒ sr,µ c,md [n] is a new short-range correlation functional defined such as Eq. (2) used with the exact wave function lr,µ is exact.
We note that Eq. (2) can formally be made self-consistent by generalizing the "optimized effective potential" (OEP) approach (see, e.g., Refs. [14, 15] ) to the multi-determinantal extension of the KS scheme
where the infinimum is search over one-electron potentials v(r), and lr,µ [v] and n v are, respectively, the ground-state multi-determinantal wave function and density ofT +Ŵ This work is devoted to the study of the functionalĒ sr,µ c,md
[n]: we turn our attention entirely to the correlation energy, without combining it with an approximate functional for exchange. It is thus a pleasure to dedicate this paper to Professor Hermann Stoll who has been a pioneer in the study and application of correlation energy density functionals [18, 17] . The paper is organized as follows. In Sect. 2, we discuss the short-range correlation functionalĒ 
where
The quantity lr−sr,µ vanishes for µ = 0 and µ → ∞. It is interesting to study the behavior ofĒ sr,µ c,md [n] in the limit of a very short-range interaction, i.e., when µ → ∞.
In this limit, the short-range interaction behaves as [12] w sr,µ
leading to the following asymptotic expansion ofĒ
where n 2,c (r, r) is the correlation on-top pair density. The asymptotic expansion of lr−sr,µ as µ → ∞ is obtained similarly from its definition, Eq. (5), leading to
The first terms in Eqs. (7) and (8) decays at least as 1/µ 3 when µ → ∞.
Local density approximation
A local density approximation (LDA) can be constructed for E
where the corresponding correlation energy per particle in the uniform electron gasε 
where g lr,µ
c,unif (r, n) is the correlation pair-distribution function of a uniform electron gas with long-range interaction w lr,µ ee (r) and density n. The correlation hole of this "long-range" electron gas is then given by n g lr,µ c,unif (r, n). Since an estimate of the energyε sr,µ c,unif (n) from coupledcluster calculations is available [5, 13] , we only need to compute the term lr−sr,µ unif (n) to build the LDA functional of Eq. (9) . In order to estimate lr−sr,µ unif (n) we proceed as follows. We first notice that w c,unif (r, n) corresponding to r 1/µ. For the standard uniform electron gas (with full interaction 1/r) the "extended Overhauser model" [20] proved to be able to yield accurate results for g c,unif (r, n) in the short-range region defined by r ≤ r s , where r s = (4π n/3) −1/3 . We can thus use this simple model to calculate
c,unif (r, n) and to produce an estimate for lr−sr,µ unif (n) that should be reliable for µ-values for which µr s 1. The scattering equations of the "extended Overhauser model" are widely explained in Refs. [20] and [21] . Here we solved the same equations with the electron-electron interaction erf(µr)/r screened by a sphere of radius r s of uniform positive charge density n and attracting the electrons with the same modified interaction,
This potential is reported in the Appendix of Ref. [22] , where it has been used for two-electron atoms with very accurate results for the corresponding short-range correlation energy. V eff (r, r s , µ) is a screened potential that tends to the "Overhauser potential" [23, 20] when µ → ∞, and which goes to zero when µ → 0. As in the original work of Overhauser [23] , the idea behind Eq. (12) is that the radius of the screening "hole" is exactly equal to r s . A sample of the pair-correlation functions g lr,µ
c,unif (r, n) that we have obtained is reported in Fig. 1 . As long as µ is not large we clearly see the absence of the cusp [g c,unif (r = 0) is not zero for a system with interaction 1/r at small r, but it is zero for the erf(µr)/r interaction]. As expected, as µ increases the hole deepens, and for very large µ we see that the cusp starts to appear.
Some of the values of lr−sr,µ unif (n) for µr s 1 are reported in Table 1 . An estimate of lr−sr,µ unif (n) in the region not accessible with the extended Overhauser model, µr s 1, has been obtained by a simple interpolation between our data and zero, since, as explained in Sect. 2, lr−sr,µ vanishes when µ → 0. In the opposite limit, µ → ∞, lr−sr,µ unif (n) behaves as in Eq. (8), which for a system of uniform density reads lr−sr,µ→∞ unif
where g c,unif (0, n) is the on-top value (r = 0) of the paircorrelation function of the Coulombic uniform electron gas of density n [20] . We found that the lr−sr,µ unif (n) computed with the extended Overhauser model accurately recover this limiting behavior.
For future applications, a more accurate LDA functional for lr−sr,µ (especially for µr s 1) will be available from quantum Monte Carlo calculations [24] . The accurate and LDA short-range correlation energies E 
Conclusions
In this work, we have re-examined the multi-determinantal extension of the KS scheme based on a long-range/shortrange decomposition of the Coulomb electron-electron interaction. Contrary to previous works where the short-range correlation functional was defined with respect to the KS determinant, we have introduced a new short-range correlation functional defined with respect to the multi-determinantal wave function. We have constructed the local density approximation for this new functional. The example of the He atom suggests that the local density approximation is essentially as accurate as for the short-range correlation functional defined with respect to the KS determinant. We believe that this work paves the way to a multi-determinantal extension of the KS scheme using a correlation-only density functional.
